Abstract. We study finite four-valent graphs Γ admitting an edge-transitive group G of automorphisms such that G determines and preserves an edgeorientation on Γ, and such that at least one G-normal quotient is a cycle (a quotient modulo the orbits of a normal subgroup of G). We show on the one hand that the number of distinct cyclic G-normal quotients can be unboundedly large. On the other hand existence of independent cyclic G-normal quotients (that is, they are not extendable to a common cyclic G-normal quotient) places severe restrictions on the graph Γ and we classify all examples. We show there are five infinite families of such pairs (Γ, G), and in particular that all such graphs have at least one normal quotient which is an unoriented cycle. We compare this new approach with existing treatments for the subclass of weak metacirculant graphs with these properties, finding that only two infinite families of examples occur in common from both analyses. Several open problems are posed.
Introduction
Finite edge-transitive oriented graphs of valency four have been studied intensively because of their links to maps on Riemann surfaces [6, 8] . They are simple undirected graphs of valency 4 which admit an orientation of their edges determined and preserved by the action of a vertex-transitive and edge-transitive automorphism group. The work of Marušič (summarised in [6] , but see also [7, 9, 11] ) demonstrated the importance of a certain family of cycles, occurring as subgraphs, for understanding the internal structure of these graphs. This approach has been exploited recently by Marušič andŠparl [10] for the sub-family of weak metacirculants, to give a classification scheme for this sub-family. On the other hand, pursuing a different approach, recent work of the authors in [1] suggests that cycles occurring as normal quotients play a special role. In this paper we study these graphs which have a cycle (oriented or unoriented) as a normal quotient, and classify the graphs with at least two 'independent' cyclic normal quotients (as defined in Definition 1.1). We compare this classification with the analysis in [10] for weak metacirculants in Subsection 1.1.
automorphisms with a specified G-orbit ∆ on ordered vertex-pairs consisting of one ordered pair for each edge. In the literature a G-action with these properties is said to be 1 2 -transitive. An edge orientation is defined as follows: orient each edge {x, y} of Γ from x to y if (x, y) ∈ ∆. Then Γ is said to be G-oriented. Our notation suppresses the orbit ∆, and we note that the edge-orientation is determined by G up to possibly replacing ∆ by {(x, y) | (y, x) ∈ ∆} (which corresponds to reversing the orientation of each edge).
For (Γ, G) ∈ OG(4) with vertex set X, and a normal subgroup N of G, the normal quotient Γ N of (Γ, G) has as vertices the N -orbits in X, and a pair {B, C} of distinct N -orbits forms an edge of Γ N if and only if there is at least one edge {x, y} of Γ with x ∈ B and y ∈ C. The quotient Γ N is proper if N = 1 (so that Γ N is strictly smaller than Γ). There is a constant ℓ, independent of the adjacent pair B, C, such that each vertex of B is joined by an edge in Γ to exactly ℓ vertices of C, [1, Proposition 3.1]. If ℓ = 1 then the kernel of the G-action on Γ N is semiregular and hence equal to N , and we say that (Γ, G) is a normal cover of (Γ N , G/N ).
If all edges from B to C have the same G-orientation, then Γ N inherits a Ginvariant orientation from Γ. For any normal subgroup N , by [1, Theorem 1.1], either (Γ, G) is a normal cover of (Γ N , G/N ) and (Γ N , G/N ) ∈ OG(4), or the quotient Γ N is degenerate: consisting of a single vertex (if N is transitive), or a single edge (if the N -orbits form the bipartition of a bipartite graph Γ), or Γ N is a cycle possibly, but not necessarily, inheriting a G-orientation of its edges. Thus, apart from these degeneracies, the family OG (4) is closed under the normal quotient operation, and much can be learned from studying its 'basic members', namely those pairs (Γ, G) ∈ OG(4) for which all proper normal quotients are degenerate. A study of these basic pairs was initiated in [1] .
In this paper we focus on pairs (Γ, G) ∈ OG(4) with at least one cyclic normal quotient. The alternative approach in [10] mentioned above also uses certain graph quotients to subdivide the weak metacirculants in OG(4) into four broad classes. Our discussion in Subsection 1.1 shows that the graph quotients corresponding to two of these four classes can never arise as normal quotients in our sense, and only those for 'Class I' of [10] can be cyclic normal quotients of pairs in OG (4) . Moreover, because of the major focus in [10] on 1 2 -arc-transitive graphs Γ (namely those for which (Γ, Aut(Γ)) ∈ OG(4)), fewer examples are found than in our situation. We make more detailed remarks in Subsection 1.1 (in particular giving definitions of these concepts).
Questions and results: There are many natural questions that arise: how many different cyclic normal quotients can a pair (Γ, G) ∈ OG(4) possess? In particular, how many if (Γ, G) is basic? Can a (basic) pair (Γ, G) have cyclic normal quotients, some of which inherit an edge orientation while others do not, and if so are there restrictions on the numbers of them? We begin by gathering a few observations concerning these questions in Theorem 1. We denote by C r a cycle of length r; and we say that a cyclic normal quotient is G-oriented or G-unoriented if it does, or does not, inherit a G-invariant edge orientation, respectively. Theorem 1. Given a positive integer n, there exists (a) a basic pair (Γ, G) ∈ OG(4) with exactly n pairwise non-isomorphic normal quotients, all G-oriented cycles; (b) a basic pair (Γ, G) ∈ OG(4) with at least n normal quotients, all Goriented cycles of pairwise coprime lengths; (c) a pair (Γ, G) ∈ OG(4) with at least 2n normal quotients Γ Ni ∼ = C ri and Γ Mi ∼ = C si , for 1 ≤ i ≤ n, such that gcd(r i , r j ) = gcd(s i , s j ) = 1 for i = j, and such that each Γ Ni is G-oriented while each Γ Mi is G-unoriented.
The pairs (Γ, G) used in the proof of Theorem 1 (c) for n > 1 are not basic and we do not know of any basic pairs with these properties.
Problem 1.
Decide if the number of unoriented cyclic normal quotients of a basic pair (Γ, G) ∈ OG(4) can be unboundedly large.
The multitude of cyclic normal quotients in the examples examined to prove Theorem 1 are all quotients of one or two particular cyclic normal quotients. For example, in the proof of Theorem 1 (c) using (Γ, G) from Construction 2.6, the quotients Γ Ni are all quotients of a single normal quotient Γ N ∼ = C r with r divisible by all the r i , and all the Γ Mj are quotients of a single normal quotient Γ M ∼ = C s with s divisible by all the s j . Definition 1.1. Two cyclic normal quotients Γ M , Γ N of (Γ, G) ∈ OG(4) are independent if the normal quotient Γ K is not a cycle, where K =Ñ ∩M , withÑ ,M the subgroups consisting of all the elements of G which fix setwise each N -orbit, or each M -orbit, respectively.
If Γ M , Γ N are cyclic normal quotients of (Γ, G) ∈ OG(4) and the normal quotient Γ K is a cycle, where K =Ñ ∩M , then both Γ N and Γ M are isomorphic to (G/K)-normal quotients of Γ K , and hence both or neither of them are G-oriented, according as Γ K is G-oriented or not. Thus if one of Γ N , Γ M is G-oriented and the other is G-unoriented, then Γ N , Γ M must be independent. The graphs used to prove Theorem 1(a), (b) do not have independent cyclic normal quotients, but those used to prove Theorem 1(c) do have such quotients. Our main result classifies all pairs (Γ, G) ∈ OG(4) with independent cyclic normal quotients of given orders. (4) , let x be a vertex, and suppose that (Γ, G) has independent cyclic normal quotients Γ N ∼ = C r and Γ M ∼ = C s , where r ≥ 3, s ≥ 3. Then G x ∼ = Z 2 , and the following hold:
is a normal cover of (Γ, G) ∈ OG(4), which has independent cyclic normal quotients Γ N ∼ = C r and Γ M ∼ = C s such that N ∩ M = 1; (c) Γ, G are as in one of the lines of Table 1 , and Γ M (and Γ M ) are G-oriented if and only if the entry in column 3 is 'yes'.
We give several constructions of families in OG(4) in Section 2, and prove Theorem 1. Then we prove Theorem 2 in Section 3.
Remark (a) Some of the pairs in Theorem 2(c) have larger cyclic normal quotients, for example, if (Γ, G) = (Γ(r, s), G(r, s)) is as in line 1 of Table 1 with s even, then Γ N = C r extends to Γ N2 = C 2r (see Lemma 2.7). In this case Γ N 2 , Γ M are independent for (Γ, G), and N 2 ∩ M = 1. Applying Theorem 2 to (Γ, G) with these cyclic normal quotients of orders 2r and s, we find that the pair (Γ, G) is given by line 2 of Table 1 . Thus (Γ(r, s), G(r, s)) ∼ = (Γ + (2r, s), G + (2r, s)) when r is odd and s is even.
(b) For each of the pairs (Γ, G) in Theorem 2, Γ is arc-transitive (see Definition 2.1 and Construction 2.10). However there may still be 1 2 -arc-transitive graphs Γ with automorphism groups G such that (Γ, G) ∈ OG(4) has independent cyclic normal quotients Γ M , Γ N , since the normal quotient Γ = Γ M∩N may admit certain automorphisms making it arc-transitive which do not lift to automorphisms of Γ. In the next subsection we discuss this possibility further.
Problem 2. Describe the maximal cyclic normal quotients of all the pairs (Γ, G) in Table 1 , and in particular decide whether there are any further relations between these graph families (beyond the isomorphisms given in the remark above. [10] in [10] define a graph Γ to be a weak (m, n)-metacirculant relative to an ordered pair (ρ, λ) of its automorphisms, if Γ has mn vertices, the automorphism ρ has m cycles of length n on vertices, the cyclic subgroup λ permutes the ρ-cycles transitively, and ρ λ = ρ r , for some r such that gcd(r, n) = 1. The subgroup ρ, λ is thus a metacyclic group which acts transitively on the vertices of Γ. If, in addition, λ m fixes a vertex (in which case λ m fixes a vertex in each ρ-cycle), then Γ is called a metacirculant. A graph may be a weak metacirculant relative to more than one pair (ρ, λ) (see Construction 4.2), and according to [10, p. 368] , it is an open question whether or not all weak metacirculants are in fact metacirculants (relative perhaps to some other pair of automorphisms).
We classified in Theorem 2 the graph-group pairs (Γ, G) ∈ OG(4) which have independent cyclic normal quotients. We wish to understand which of them are weak metacirculants relative to pairs of automorphisms lying in G. We hope thereby to gain a better understanding of how our normal quotient analysis compares with the analysis in [10] which focuses on alternating cycles. As a bsais for this discussion we make the following assumptions. (4) , and suppose that Γ is a weak (m, n)-metacirculant relative to (ρ, λ), for some ρ, λ ∈ G. Let H := ρ, λ and R := ρ , so H ≤ G, the subgroup R is normal in H, and H is transitive on the vertices of Γ.
Since the focus in [10] [10] of the family of weak metacirculants in OG (4) , and studied further in [4, 13, 14, 15, 16] , is defined according to the nature of a certain quotient graph defined modulo the R-orbits X i (1 ≤ i ≤ m) on vertices (that is to say, the ρ-cycles). This quotient is slightly different from our graph quotients in that it also encodes, for a vertex x in X i , the number of edges from x to vertices in X j , for each j. Four different kinds of quotients are identified in [10] , and these are used to subdivide the weak metacirculants in OG(4) into four classes, denoted I, II, III, IV. The reason that four different behaviours are observed in [10] is that some of the quotient graphs in [10] do not correspond to a normal quotient of (Γ, G) ∈ OG(4) for any G. In fact, it is only the quotients arising for graphs in Class I of [10] which can possibly occur as cyclic normal quotients in our sense (see Lemma 4.1). Moreover, for (Γ, G) ∈ OG(4), it is possible to have different choices of ρ, λ ∈ G leading to different quotients Γ R of Γ which may or may not be normal quotients of (Γ, G), and if they are normal quotients, then they may or may not be G-oriented. In Construction 4.2 we give explicit examples of metacirculants (Γ, G) ∈ OG(4) with different pairs (ρ, λ) of elements in G illustrating each of these possibilities.
Now we turn to the property of having independent cyclic normal quotients, which is characterised in Theorem 2. In that result we do not assume a priori that the edge-transitive group contains a weak metacirculant subgroup. However, all of the pairs (Γ, G) in the outcome of Theorem 2 turn out to be metacirculants. We obtain more Class I weak metacirculants in Theorem 2 than those obtained in [10] because our assumptions are valid for some arc-transitive graphs as well as Table 1 correspond to examples in Theorem 2(c) having a G-unoriented normal quotient which can occur as Γ R for suitable choices of ρ, λ.
Our approach can bring additional insights to the work in [10] . In the light of our discussion it makes sense to restrict to the Class I weak metacirculants for which Γ R is a cyclic G-oriented normal quotient of (Γ, G). Using Theorem 2 we find all such graphs with independent cyclic normal quotients. Corollary 1.2. Suppose that Hypothesis 1.1 holds with Γ R a cyclic, G-oriented, normal quotient of (Γ, G) of length at least 3. Suppose also that (Γ, G) has independent cyclic normal quotients Γ N ∼ = C r , Γ M ∼ = C s , as in Theorem 2. Then (Γ, G) is a normal cover of (Γ, G) ∈ OG(4) such that Γ is a weak (m, n)-metacirculant relative to (ρ, λ) and one of the lines of Table 2 holds.
This corollary is proved in Section 4. The Class I metacirculant graphs which are 2 -arc transitive graphs (see also [14] ). To assist in comparing Corollary 1.2 with that classification we give in Table 2 also the names of the graphs Γ used in [10, Examples 2.1 and 2.2].
Constructions and proof the Theorem 1
In this section we examine several infinite families of graph-group pairs in OG(4), and describe their cyclic normal quotients. In Subsection 2.6 we prove Theorem 1.
2.1. Notation. For fundamental graph theoretic concepts please refer to the book [5] . For A permutation group N on a set V is semiregular if the only element of N fixing a point of V is the identity; also N is regular if it is both transitive and semiregular.
For (Γ, G) ∈ OG (4), if an edge {x, y} is oriented from x to y, then we call y an out-neighbour of x, and we call x an in-neighbour of y. By a neighbour of x we mean an in-neighbour or an out-neighbour.
We say that graph-group pairs (Γ, G) and (Γ ′ , G ′ ) are isomorphic if there exist a graph isomorphism f from Γ to Γ ′ and a group isomorphism ϕ :
gϕ . For a group K with an inverse-closed generating set S such that 1 K ∈ S (that is S −1 = {s −1 |s ∈ S} is equal to S), the Cayley graph Cay(K, S) is the graph with vertex set K and edges {k, sk} for k ∈ K, s ∈ S. The facts that S generates K and S is inverse-closed imply that Cay(K, S) is connected and undirected, respectively. The definition of adjacency implies that K acts faithfully by right multiplication as a vertex-regular group of automorphisms of Cay(K, S). Also, S is the set of neighbours of the vertex 1 K , and the subgroup of Aut(K) leaving S invariant acts naturally as a subgroup of automorphisms stabilising 1 K .
Preliminaries on cyclic normal quotients.
We first show that oriented and unoriented cyclic normal quotients of (Γ, G) ∈ OG(4) can be distinguished by the action on vertices of the normal subgroup.
Lemma 2.1. Let (Γ, G) ∈ OG(4) have a cyclic normal quotient Γ N , and letÑ be the subgroup consisting of all elements of G fixing each N -orbit setwise.
Proof. Let x ∈ V Γ, let y, y ′ be the out-neighbours of x, and let z, z ′ be the inneighbours of x. Let B, B
′ denote the N -orbits containing x, y respectively. Suppose that Γ N = C r , for some r ≥ 3.
(a) Suppose that Γ N is G-unoriented. Then B ′ contains also one of the inneighbours of x, say z, and the other neighbours y ′ , z ′ lie in a third N -orbit distinct from B, B ′ . Consider the stabiliserÑ x of x inÑ . By the definition ofÑ , the subgroupÑ x must fix the N -orbit B ′ setwise, and hence must fix the unique outneighbour y of x it contains. ThusÑ x fixes each of y and y ′ . SimilarlyÑ x fixes each of z, z ′ . It follows from the connectivity of Γ thatÑ x = 1. ThusÑ is semiregular on V Γ, and in particularÑ = N .
(b) Now suppose that Γ N is G-oriented. Then B ′ contains both out-neighbours y, y ′ of x. In this case G induces a cyclic group Z r on Γ N , and the setwise stabiliser G B of B fixes each N -orbit setwise, that is to say,
Using this lemma we prove that two oriented cyclic normal quotients cannot be independent.
Lemma 2.2. Let (Γ, G) ∈ OG(4), and let Γ N = C r , Γ M = C s , for some r, s ≥ 3, where N, M consist of all elements of G fixing setwise each N -orbit, or each Morbit, respectively. If both Γ N and Γ M are G-oriented, then Γ N ∩M = C t is Goriented, for some multiple t of lcm{r, s}. In particular Γ N , Γ M are not independent.
Proof. By Lemma 2.1(b), the subgroup K := N ∩ M contains G x , for a vertex x, and in particular K = 1. This implies, by [1, Theorem 1.1], that Γ K is degenerate, and since it has order at least lcm{r, s} ≥ 3, it must be a cycle of length a multiple t of lcm{r, s}. Since Γ N is isomorphic to a quotient of Γ K , it follows that Γ K is G-oriented.
2.3.
Examples with many cyclic normal quotients. The first family of graphs we consider consists of the lexicographic products C r [2.K 1 ] with a natural orientation on their edges. Construction 2.3. Let r ≥ 3 and let Γ be the graph with vertex set X = Z r × Z 2 and edges {(i, j),
, the lexicographic product of C r and 2.K 1 . We orient the edges so that
, and let
By [1, Lemma 3.6], G preserves the edge orientation, (Γ, G) ∈ OG(4), and (Γ, G) is basic of cycle type. We parametrise all the cyclic normal quotients of (Γ, G) with the set of divisors of r, and show that (Γ, G) does not have independent cyclic normal quotients. A cyclic normal quotient Γ N is maximal if there is no normal subgroup K of G, contained in N , and such that Γ K is cyclic of order larger than Γ N . Lemma 2.4. Let r, Γ, G, X be as in Construction 2.3, and for a divisor c of r let Let N be a nontrivial normal subgroup of G, and consider Γ N . It was shown in the proof of [1, Lemma 3.6] that each N -orbit on vertices is a union of some B-orbits. Thus B fixes each vertex of Γ N and so Γ N = Γ BN . Since G/B ∼ = Z r it follows that BN = N (c) for some divisor c of r, and hence Γ N = Γ N (c) . If c = r then N (r) = B, and we conclude that Γ B = Γ N (r) is the unique maximal cyclic normal quotient of (Γ, G).
, σµν, τ both even Table 3 . Table for Definition 2.1 2.4. Graphs with both independent oriented and unoriented cyclic normal quotients. To prove the second part of Theorem 1, we use a family of graphs given in Definition 2.1. We define an edge-orientation and a group of automorphisms preserving it. We also describe a certain subgraph in some cases. These graphs were considered in [7, Section 3] from the point of view of their alternating cycle structure (see also [9 
, Example 2.4]).
Recall the concept induced subgraph from Subsection 2.1. Note that, if k is even, then the integers representing a given element of Z k are either all even, or all odd, and hence in this case elements of Z k have a well-defined parity. First we define the undirected graphs and subgroups of their automorphism groups.
Definition 2.1. Let r, s be integers, each at least 3. Define the undirected graph Γ(r, s) to have vertex set X := Z r × Z s , such that a vertex (i, j) ∈ X is joined by an edge to each of the four vertices (i ± 1, j ± 1). Also, if r, s are both even define 
and define the groups as in Table 3 , where in lines 3 and 4 (r, s both even), we identify µ, ν, σ, τ with their restrictions to X + , and consider the subgroups G + (r, s) and
t for t | r, and N t = ν t for t | s. If r and s are both even, we also consider the following subgroups restricted to their actions on
Recall that, for a graph Γ, an action of a group H is 1 2 -transitive on Γ if H ≤ Aut(Γ) and H is transitive on the vertices and the edges of Γ, but is not transitive on arcs. Proof. The N -orbits in X are the sets . In this case the induced subgraph Γ + is connected. This proves (a). If r is even, then it follows from the discussion above that ∪ i even B i and ∪ i odd B i form the parts of a bipartition of Γ, and similarly Γ is bipartite if s is even (the parts of the bipartition being unions of M -orbits). On the other hand if r, s are both odd then |V Γ| is odd so Γ is not bipartite. If both r, s are even then Γ + is bipartite with bipartition {(i, j)|i, j even}, {(i, j)|i, j odd}. This proves (b) .
It is straightforward to check that each of µ, ν, σ, τ preserves the edge set of Γ = Γ(r, s), so that G := G(r, s) and H := H(r, s) lie in Aut(Γ). Also, if both r, s are even, then µ 2 , µν, σ, τ all leave X + invariant, so G + := G + (r, s) and
The subgroup µ, ν of G acts regularly on X and so also, if s is even, does the subgroup µ, ν 2 , τ σν of H. Hence G and H are vertex-transitive. The stabiliser in G, or in H, of the vertex x = (0, 0) is σ , or τ , respectively. The element σ acts on the four neighours of x by interchanging (1, 1) and (−1, 1) and interchanging (−1, −1) and (1, −1), and the element σµν −1 ∈ G maps the edge {x, (1, 1)} to the edge {x, (1, −1)}. Thus G is edge-transitive but not arc-transitive on Γ. If s is even, then τ interchanges (1, 1) and (−1, −1) and interchanges (1, −1) and (−1, 1), and the element τ µσν ∈ H maps the edge {x, (1, 1)} to the edge {x, (−1, 1 First we define an edge-orientation on the graphs in Definition 2.1 which leads to independent cyclic normal quotients, one oriented and the other not. We note that this family of oriented graphs was studied in [7, p. -transitive on Γ, Γ + respectively, and it is straightforward to check that the edge-orientation of Construction 2.6 is preserved in each case. If at least one of r, s is odd, then Γ is connected, by Lemma 2.1 and hence (Γ, G) ∈ OG (4) 
2.5. Graphs with independent unoriented cyclic normal quotients. We now give two constructions of oriented graphs with independent unoriented cyclic normal quotients. The graphs in the first construction are the graphs Γ(r, s) and Γ + (r, s) of Definition 2.1 with a different edge-orientation from that in Construction 2.6. Proof. It is easy to check that each of µ, ν 2 , τ preserves the edge-orientation of Γ, and with a little care, that σν does also. Thus H preserves the edge-orientation of Γ, and H + preserves the edge-orientation of Γ + . (a) Suppose that r is odd. Then by Lemma 2.5, Γ is connected and H acts The graphs in the final construction are standard double covers of the graphs Γ(r, s) of Definition 2.1. Definition 2.2. The standard double cover of a graph Γ with vertex set X is the graph Γ 2 with vertex set X 2 = {x δ |x ∈ X, δ ∈ Z 2 } such that {x δ , y δ ′ } is an edge if and only if δ = δ ′ and {x, y} is an edge of Γ.
Note that Γ 2 has the same valency as Γ and twice the number of vertices.
Construction 2.10. Let r, s be positive integers, with r, s ≥ 3, and let Γ 2 (r, s) be the standard double cover of the graph Γ(r, s) of Definition 2.1, so Γ 2 (r, s) has vertex set X 2 as in Definition 2.2. Define an orientation on the edges of Γ 2 (r, s) as follows.
. We extend the automorphisms defined in Definition 2.1 to maps on X 2 as follows.
and let G 2 (r, s) = µ, ν, σ, τ = M × N , where M = µ, στ ∼ = D 2r , and N = ν, σ ∼ = D 2s .
Lemma 2.11. Let r, s, Γ = Γ 2 (r, s), G = G 2 (r, s) be as in Construction 2.10. Then G preserves the edge-orientation, Γ is connected if and only if r, s are both odd, and in this case (Γ, G) ∈ OG(4), and Γ N = C r , Γ M = C s are independent cyclic normal quotients, and each is G-unoriented.
Proof. Careful but straightforward checking shows that each of the generators of G preserves edges, and that each preserves the edge orientation of Γ. It is well known and easily proved that a standard double cover of a graph Σ is connected if and only if Σ is connected and not bipartite. It follows therefore from Lemma 2.5 that Γ is connected if and only if r, s are both odd. Suppose this is the case. The subgroup µ, ν, σ is normal in G of index 2, and is regular on vertices. The stabiliser G x of the vertex x = (0, 0) 0 is τ , which interchanges the out-neighbours (1, 1) 1 and (−1, −1) 1 , and the in-neighbours (1, −1) 1 and (1, −1) 1 of x. Thus G is 1 2 -transitive on Γ and preserves the edge-orientation so (Γ, G) ∈ OG (4) .
The N -orbits in X 2 are the subsets B i = {(i, j) δ |j ∈ Z s , δ ∈ Z 2 }, for i ∈ Z r . Each vertex in B i has one out-neighbour and one in-neighbour in B i+ε , for ε = ±1. It follows that Γ N = C r and is G-unoriented. Similarly the M -orbits in X 2 are the subsets C j = {(i, j) δ |i ∈ Z r , δ ∈ Z 2 }, for j ∈ Z s . Each vertex in C j has one out-neighbour and one in-neighbour in C j+ε , for ε = ±1, and hence Γ M = C s and is G-unoriented. By Lemma 2.1, N, M are the kernels of the actions of G on Γ N , Γ M respectively, and since M ∩ N = 1 it follows that Γ N , Γ M are independent. (c) Choose 2n odd primes p 1 < p 2 < · · · < p n and q 1 < q 2 < · · · < q n (where some p i , q j may be equal), and take r = i p i and s = i q i in Construction 2.6. By Lemma 2.7, (Γ, G) ∈ OG(4), and (Γ, G) has a cyclic G-oriented normal quotient Γ N = C r , and a cyclic G-unoriented normal quotient Γ M = C s . For i = 1, . . . , n, consider N pi = ν pi and M qi = µ qi , as in Definition 2.1, and note that N pi × M and N × M qi are both normal in G and intransitive on vertices. The normal quotients Γ Np i ×M and Γ N ×Mq i are isomorphic to quotients of Γ M and Γ N , and are in fact isomorphic to C pi and C qi , respectively, with the former G-oriented and the latter G-unoriented. This completes the proof.
Proof of Theorem 2
In this section we analyse the structure of pairs (Γ, G) ∈ OG(4) with independent cyclic normal quotients. The first lemma yields a proof of parts (a) and (b) 
Parts (a) and (b) of Theorem 2 follow from Lemma 3.1. Also, from part (b), (Γ, G) is a normal cover of (Γ, G), and so the order of the vertex stabiliser G x is equal to the order of a stabiliser in G of a vertex of Γ. Thus (even to prove that stabilisers have order 2) it is sufficient to consider the case where N ∩ M = 1. We therefore make this assumption from now on. We use the following notation. Notation 3.1. We assume that (Γ, G) ∈ OG(4), and that Γ N = C r (G-unoriented), Γ M = C s , and A = Aut(Γ M ), ϕ, π 1 , π 2 are as in Lemma 3.1, with N ∩ M = 1. We use the notation introduced in the proof of Lemma 2.1, so x ∈ V Γ has outneighbours y, y ′ and in-neighbours z, z
N , the pairwise distinct N -orbits containing x, y, y ′ , and
where a maps B to B + and c fixes B. We also write 
The following all hold, where either t = 1, or t = 2 divides gcd(r, s):
and Gϕ = (a i , b), M ϕ , where either i = 0 or i = t − 1 = 1.
Proof.
Since G is edge-transitive on Γ, G x = 1. Let h ∈ G x \ {1}. Then h fixes both B and C setwise and so h ΓN ∈ c and h ΓM = 1. Since h = 1 it follows that hϕ = (c, 1) and G x = h ∼ = Z 2 , proving part (a) .
Note that M contains h, by Lemma 2.1. Since M ϕ ≤ a, c × 1, it follows that M ϕ = (a t , 1), (c, 1) , for some t | r. Hence |M | = ℓ . Therefore ℓ = t divides gcd(r, s). Since Gϕπ 2 = b , G contains an element g such that gϕπ 2 = b. All such elements satisfy gϕ = (a i c δ , b) for some i, δ. We may replace g by gm for some m ∈ M , and assume that δ = 0 and that 0 ≤ i < t. It remains to prove that t ≤ 2. To see this, note that Gϕ contains (
We consider the cases t = 1 and t = 2 separately. Recall the concepts of regular, Cayley graph, and isomorphism of graph-group pairs from Subsection 2.1.
Lemma 3.3.
Under the assumptions of Lemma 3.2, if t = 1 then at least one of r, s is odd and (Γ, G) is isomorphic to the graph-group pair (Γ(r, s), G(r, s)) in Construction 2.6.
Proof. Suppose that t = 1 and identify G with Gϕ. Then |V Γ| = rs and G = a, c × b . Moreover the group K = (a, 1) × (1, b) , is normal in G, acts regularly on V Γ, and G is the semidirect product K.G x . By [1, Remark 4.1 and Lemma 4.2], we may assume that Γ = Cay(K, S 0 ∪S −1 0 ) for a 2-element generating set S 0 for K such that S 0 ∩ S −1 0 = ∅, and we may identify x = 1 K , S 0 = {y, y ′ }, and S −1 0 = {z, z ′ }. The group K acts by right multiplication and G x = (c, 1) ≤ Aut(K) acts naturally on V Γ = K. Now y = (a i , b j ) for some i ∈ Z r , j ∈ Z s , and so y ′ = y (c,1) = (a −i , b j ). In particular i = 0 since y ′ = y. Since N ≤ K, the N -orbits are the cosets N (a k , 1) for k ∈ Z r , and as in Notation 3.1, (a, 1) maps
. However (a, 1) maps B to N (a, 1) and hence i = 1. Also M ∩ K = (a, 1) is transitive on each M -orbit, and the M -orbits are the cosets
) and hence j = 1. Thus S 0 = {(a, b), (a −1 , b)}, and since K = S 0 , at least one of r, s must be odd.
It follows that each vertex (a k , b ℓ ) has out-neighbours (a k±1 , b ℓ+1 ), and so the map f : (a k , b ℓ ) → (k, ℓ) defines a graph isomorphism from Γ to the graph Γ(r, s) of Construction 2.6. Also the map (a, 1) → µ, (1, b) → ν, (c, 1) → σ extends to an isomorphism ϕ ′ from G to the group G(r, s) of Construction 2.6, and f, ϕ ′ define an isomorphism from (Γ, G) to (Γ(r, s), G(r, s) ).
Lemma 3.4. Under the assumptions of Lemma 3.2, if t = 2 then both r and s are even, and (Γ, G) is isomorphic to the graph-group pair (Γ + (r, s), G + (r, s)) in Construction 2.6.
Proof.
Suppose that t = 2 and identify G with Gϕ. Then r, s are both even, |V Γ| = = {z, z ′ }. The group K acts by right multiplication and G x = (c, 1) ≤ Aut(K) acts naturally on V Γ. Thus y = (a j , b k ) for some j ∈ Z r , k ∈ Z s of the same parity, and y ′ = y (c,1) = (a −j , b k ). Since N ≤ K, the N -orbits are the cosets N (a ℓ , 1) for even ℓ ∈ Z r , and N (a ℓ , b) for odd ℓ ∈ Z r . As in Notation 3.1, (a, b) ∈ K and maps B = 1 N = N to B + = y N , and we have y N = N (a j , 1) if j is even and N (a j , b) if j is odd. However (a, b) maps B to N (a, b) and hence j = 1, and so k is odd (since j, k have the same parity). Also M ∩ K = (a 2 , 1) is transitive on each M -orbit, and the M -orbits are therefore the cosets M (1, b ℓ ) for even ℓ ∈ Z s , and M (a,
′ from G to the group G + (r, s) of Construction 2.6, and f, ϕ ′ define an isomorphism from (Γ ′ , G) to (Γ + (r, s), G + (r, s)).
3.2.
Case Γ M is G-unoriented. We identify G with Gϕ, and we first derive a short explicit list of possibilities for G.
Lemma 3.5. Using Notation 3.1, identify G with Gϕ, and assume that Proof. By Lemma 2.1, the subgroup of all elements of G fixing setwise each Norbit, or each M -orbit, is equal to N , or M , respectively, and both N and M are semiregular on V Γ. Since G is edge-transitive on Γ, G x contains an element h that interchanges y and y ′ , and hence h interchanges the N -orbits B + and B − . Thus h ΓN = c and G x ∩ N = N x has index 2 in G x . Since N is semiregular it follows that N x = 1 and so G x = h ∼ = Z 2 . Similarly h interchanges C + and C − so that h ΓM = d. This implies that h = (c, d), proving the first assertion. Next we study the setwise stabiliser Note that x ′ = x (since N is semiregular), and that + ∩ C + = {y}. This implies that z ∈ C + (since we are assuming that z ∈ B + ) and hence z ∈ C − and z ′ ∈ C + . Now y K contains C + = y M and hence contains z ′ , which implies that 
and since S 0 = {y, y ′ } generates K, it follows that δ = 1, i and j are nonzero, and gcd(i, r) = 1.
Since N ≤ K, the N -orbits are the cosets N (a k , 1) for k ∈ Z r , and as in Notation 3.1, (a, 1) maps B = 1
. However (a, 1) maps B to N (a, 1) and hence i = 1. Thus y = (a, db j ). To determine the orbits of M , we 1) {(1, b) , (1, db)} and hence j = 1. Thus S 0 = {(a, db), (a −1 , db −1 )} and since S 0 generates K we see that both r and s must be odd.
Finally, defining f :
, and the group isomorphism ϕ : G → G 2 (r, s) extending (a, 1) → µ, (1, b) → ν, (c, 1) → στ, (1, d) → τ , we obtain an isomorphism (f, ϕ) from the pair (Γ, G) to the pair (Γ 2 (r, s), G 2 (r, s)) in Construction 2.10. 
= ∅, we have y ′ = y −1 , and hence δ ′ = 1. However S 0 is then contained in the proper subgroup (a
contradicting the fact that S 0 = {y, y ′ } generates K. Thus Lemma 3.5(iii) holds. Suppose first that δ = 0. Then as y ∈ K, we have y = (a i , b j ) for some i ∈ Z r , j ∈ Z s of the same parity. This implies, as in the previous paragraph, that
is equal to y −1 , which is a contradiction. Thus δ = 1. If y = (a i , b j ) with both i, j even, then we again find y ′ = y −1 , a contradiction. Hence y = (a i , db j ) with both i, j odd. Since N ≤ K, the N -orbits are the cosets N (a 2k , 1) and N (a 2k+1 , db), for 0 ≤ k < r/2, and as in Notation 3.1, the element (a, db) ∈ G maps B = 1
2 ) ∈ N ). However (a, db) ∈ K acts by right multiplication, and maps B to N (a, db). Hence i = 1 and y = (a, db j ). Also M lies in K, and the M -orbits are the cosets M (1, b 2k ) and M (a, db 2k+1 ), for 0 ≤ k < s/2. As in Notation 3.1, the element (a, db) ∈ G maps C = 1
. However (a, db) ∈ K acts by right multiplication, and maps C to M (a, db). Hence j = 1 and
are both even, and (a i , db j ) → (i, j) if i, j are both odd, determines a graph isomorphism from Γ to Γ + (r, s), which maps each oriented edge w → yw, w → y ′ w of Γ to an oriented edge of Γ + (r, s) with the edgeorientation of Construction 2.8. Also the map (a
, and we obtain an isomorphism (f, ϕ) from the pair (Γ, G) to the pair (Γ + (r, s), H + (r, s)) in Construction 2.8. Since n (c,d) = n −1 , the element n satisfies n = (1, db j ) for some j ∈ Z s , and , 1) ) (c,d) = N (a −1 c, 1) = N (ca, 1), and since this set must contain y = m(1, db) we have m = (ca, 1). However this implies that y = (ca, db) which has order 2 and hence y −1 = y ∈ S 0 , a contradiction. Therefore M = (a, 1) . The element (a, 1) maps B to B + = N (a, 1) and since this set contains y it follows that m = (a, 1) and y = (a, db), y ′ = (a −1 , db −1 ). Now the fact that S 0 = K implies that r must be odd.
It remains to identify the graph-group pair. The oriented edges of Γ are the pairs u → yu and u → y ′ u for u ∈ K. An easy computation shows that, for each i ∈ Z r and for 0 ≤ j < It follows that the bijection f : K → Z r × Z s given by f : (a i , b 2j ) → (i, 2j) and f : (a i , db 2j+1 ) → (i, 2j + 1) defines a graph isomorphism from Γ to the graph Γ(r, s) such that the oriented edges u → yu and u → y ′ u of Γ are mapped to oriented edges according to the edge-orientation defined in Construction 2.8. Also the map ϕ given by ϕ : (a, 1) → µ, ϕ : (1, b
2 ) → ν 2 , ϕ : (1, db) → τ σν, ϕ : (c, d) → τ extends to an isomorphism from G to the group H(r, s) of Construction 2.8. Moreover the pair (f, ϕ) determines an isomorphism from (Γ, G) to (Γ(r, s), H(r, s)).
We give examples to show that, for a given (Γ, G) ∈ OG(4), different pairs (ρ, λ) can lead to different behaviours for the quotient Γ R , even with the same subgroup H = ρ, λ . normal quotients and all the assertions hold without changing (ρ, λ). So now we may assume also that M does not containR. Let T := R ∩ M and note that T ≤ H since R ≤ H. If Γ T is not cyclic then Γ M , Γ R are independent cyclic normal quotients and all the assertions hold without changing (ρ, λ). Assume then that Γ T is cyclic. Since Γ M is a quotient of Γ T , the pair Γ N , Γ T are independent cyclic normal quotients, and as T ⊆ R, each R-orbit is a union of T -orbits. Thus the arguments of the previous paragraph may be used to replace (ρ, λ) by a new pair (ρ ′ , λ ′ ) from H, and replace R by T , and Γ R by Γ T , so that all assertions hold for the independent cyclic normal quotients Γ N , Γ T .
Finally we prove Corollary 1.2.
Proof of Corollary 1.2. Suppose that Hypothesis 1.1 holds with Γ R ∼ = C m a Goriented cyclic normal quotient of (Γ, G) ∈ OG(4), where m ≥ 3. Suppose also that, as in Theorem 2, (Γ, G) has independent cyclic normal quotients Γ N ∼ = C r , Γ M ∼ = C s , where N, M are the kernels of the G-actions on Γ N , Γ M respectively. By Theorem 2, we may assume that Γ N is G-unoriented, and by Lemma 4.3, we may assume that one of the independent cyclic normal quotients is Γ R . (Note that, from the proof of Lemma 4.3, Γ R may be replaced by a cyclic G-oriented normal quotient of order a proper multiple of the original m in Hypothesis 1.1, but in the exposition we can, and will, continue to use m as the order of Γ R .) Since Γ R is G-oriented, we have Γ R = Γ M ∼ = C m , so m = s.
By Theorem 2 again, setting T := M ∩ N , G := G/T and Γ := Γ T , the pair (Γ, G) is a normal cover of (Γ, G) ∈ OG(4), and Γ, G and Γ M ∼ = Γ M ∼ = C m are as in line 1 or 2 of Table 1 , where M = M/T and m = m = s. Let the order of Γ be m n. Then n is r or r/2 for line 1 or 2 of Table 1 , respectively. Thus, so far we have proved that m, n, Γ, G, and the conditions on r, s are as in the appropriate line of Table 2 . Finally we prove that Γ is a weak (m, n)-metacirculant. Consider first line 1 of Table 2 . Then G = µ, ν, σ where µ, ν, σ, are as in Definition 2.1. It is easy to check that Γ is a weak (s, r)-metacirculant relative to (µ, ν), so the assertions for line 1 of Table 2 all hold. The graph Γ is the graph X o (s, r; 1) defined in [10, Example 2.1] (although in [10] both of r, s are assumed to be odd). If indeed both of r, s are odd then Γ, and hence also Γ, is Table 2 . Then G = µ 2 , µν, σ where again µ, ν, σ, are as in Definition 2.1. This time Γ is a weak (s, r/2)-metacirculant relative to (µ 2 , µν), so the assertions for line 2 of Table 2 all hold. The graph Γ is the graph X e (s, r/2; 1, 0) defined in [10, Example 2.2] (although in [10] , r/2 is assumed to be even and at least 4). Thus Corollary 1.2 is proved.
